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VERTEX OPERATOR REPRESENTATIONS OF
QUANTUM AFFINE SUPERALGEBRAS
YING XU AND R. B. ZHANG
Abstract. Let Uq(g) be the quantum affine superalgebra associated with
an affine Kac-Moody superalgebra g which belongs to the three series
osp(1|2n)(1), sl(1|2n)(2) and osp(2|2n)(2). We develop vertex operator con-
structions for the level 1 irreducible integrable highest weight represen-
tations and classify the finite dimensional irreducible representations of
Uq(g). This makes essential use of the Drinfeld realisation for Uq(g), and
quantum correspondences between affine Kac-Moody superalgebras, de-
veloped in earlier papers.
1. Introduction
Quantum supergroups and quantum affine superalgebras were introduced
in the early 90s [2, 20, 21], which have important applications in a number
of areas such as low dimensional topology [13, 24, 29] and statistical me-
chanics [2, 33]. There was extensive work in the 90s on the representation
theory of quantum supergroups associated with finite dimensional simple
Lie superalgebras [1, 16, 22, 25, 27, 28, 35], and the gl(m|n) super Yan-
gian [30] (see [32] for a review of early results). Representations of some
classes of quantum affine superalgebras were also studied: the integrable
highest weight representations were well understood [31] for the quantum
affine superalgebras associated with the affine Lie superalgebras without
isotropic real roots; the finite dimensional irreducible representations and
evaluation representations of the untwisted quantum affine superalgebra
Uq(gl(m|n)(1)) were thoroughly treated in recent years [17, 23]. We mention
in particular that finite dimensional representations of the quantum super-
group Uq(gl(m|n)) all lift to evaluation representations of Uq(gl(m|n)(1)), a
fact which has long been known [26].
One of the problems hindering progress in the study of quantum affine
superalgebras was the lack of Drinfeld realisations [6, 7] except for the case
of Uq(gl(m|n)(1)) [21]. This is rectified [19] recently for the quantum affine
superalgebras Uq(g) associated with the affine Kac-Moody superalgebras g
belonging to the three series given in (2.1). The Drinfeld realisations of the
quantum affine superalgebras will be used in an essential way in this paper.
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Let g be an affine Kac-Moody superalgebra given in (2.1). We will con-
struct vertex operator representations and classify the finite dimensional ir-
reducible representations of Uq(g). The main results are given in Theorem
3.1 (and its variations in Sections 3.3 and 3.4) and Theorem 4.2. Finite
dimensional representations of quantum affine superalgebras play a crucial
role in constructing soluble models of Yang-Baxter type [2]; vertex oper-
ator representations have a direct connection with conformal field theory.
Results of this paper are potentially applicable to mathematical physics.
The vertex operator representations of Uq(g) constructed here are realised
on quantum Fock spaces; they are level 1 irreducible integrable highest
weight representations relative to the standard triangular decomposition.
Recall that there exists a well defined notion of integrable highest weight
representations [31] for Uq(g) with g belonging to (2.1), even though this is
not true for most of the other quantum affine superalgebras. We point out
that our construction here is heavily influenced by work of Jing [8, 9] on the
vertex operator representations of ordinary quantum affine algebras.
The finite dimensional irreducible representations of Uq(g) are shown
to be level 0 highest weight representations relative to another triangular
decomposition. We obtain the necessary and sufficient conditions on the
highest weights for irreducible highest weight representations to be finite
dimensional. The conditions are described in terms of Drinfelds highest
weight polynomials. The proof of the classification theorem (Theorem 4.2)
makes essential use of results of Chari and Pressley in [3, 4, 5] on ordi-
nary quantum affine algebras. Another important ingredient in the proof
is quantum correspondences between affine Lie superalgebras developed in
[18, 31]. Some of the quantum correspondences appear as S-dualities in
string theory in work of Mikhaylov and Witten [15].
2. Drinfeld realisation of quantum affine superalgebras
Consider the following affine Kac-Moody superalgebras
osp(1|2n)(1), sl(1|2n)(2), osp(2|2n)(2), n ≥ 1. (2.1)
Here the notation is as in [11], with osp(1|2n)(1) denoting the untwisted
affine Lie superalgebra of osp(1|2n), and osp(2|2n)(2) and sl(1|2n)(2) the twisted
(by order two automorphisms) affine Lie superalgebras of osp(2|2n) and
sl(1|2n) respectively. The Dynkin diagrams of the affine Lie superalgebras
are as follows.
osp(1|2n)(1) ✐
α0
> ✐
α1
. . . ✐ > ②
αn
sl(1|2n)(2)
✐
α0
✐
α1
 
❅ ✐ . . . ✐ > ②
αn
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osp(2|2n)(2) ②
α0
< ✐ . . . ✐ > ②
αn
More details on their root systems can be found in [11] (also see [18, 31]).
Note in particular that these affine Lie superalgebras do not have isotropic
odd roots.
Let g be an affine Lie superalgebra in (2.1). We denote by A = (ai j) its
Cartan matrix, which is realised in terms of the set of simple roots Π =
{αi | i = 0, 1, 2, . . . , n} with ai j = 2(αi,α j)(αi,αi) . A simple root αi is odd if the
corresponding node in the Dynkin diagram is black, and is even otherwise.
Let q1/2 be an indeterminate, and let C(q1/2) be the field of rational func-
tions in q1/2. Denote [k]z = z
k−z−k
z−z−1 , [N]z! =
∏N
i=1[i]z with [0]z! = 1, and[
N
k
]
z
=
[N]z!
[N−k]z![k]z! . Set qi = q
(αi,αi)
2 for all αi ∈ Π.
Definition 2.1 ([31]). Assume that g is one of the affine Lie superalgebras
osp(1|2n)(1), sl(1|2n)(2) and osp(2|2n)(2). The quantum affine superalgebra
Uq(g) is an associative superalgebra over C(q1/2) with identity generated by
the homogeneous elements ei, fi, k
±1/2
i
(0 ≤ i ≤ n), where e j, f j are odd for
odd simple roots α j, and the other generators are even, with the following
defining relations:
k
±1/2
i
k
∓1/2
i
= k
∓1/2
i
k
±1/2
i
= 1, k1/2
i
k
1/2
j
= k
1/2
j
k
1/2
i
,
k
±1/2
i
e jk
∓1/2
i
= q
ai j/2
i
e j, k
±1/2
i
f jk
∓1/2
i
= q
−ai j/2
i
f j,
ei f j − (−1)[ei][ f j] f jei = δi j
ki − k−1i
qi − q−1i
, ∀i, j, (2.2)
(
Adei
)1−ai j (e j) = (Ad fi)1−ai j ( f j) = 0, if i , j,
where k±
i
=
(
k
±1/2
i
)2
, Adei(x) and Ad fi(x) are respectively defined by
Adei(x) = eix − (−1)[ei][x]kixk−1i ei,
Ad fi(x) = fix − (−1)[ fi][x]k−1i xki fi.
(2.3)
For any x, y ∈ Uq(g) and a ∈ C(q1/2), we shall write
[x, y]a = xy − (−1)[x][y]ayx, [x, y] = [x, y]1.
Then Adei(e j) = [ei, e j]qai j
i
and Ad fi( f j) = [ fi, f j]qai j
i
.
2.1. Drinfeld realisations. In a recent paper [19], we constructed the Drin-
feld realisations of the quantum affine superalgebras Uq(g). To describe the
Drinfeld realisations, we let I = {(i, r) | 1 ≤ i ≤ n, r ∈ Z}. Define the set Ig
by Ig := I if g = osp(1|2n)(1) or sl(1|2n)(2); and Ig := I\{(i, 2r + 1) | 1 ≤
i < n, r ∈ Z} if g = osp(2|2n)(2). Let I∗g = {(i, s) ∈ Ig | s , 0}. Also, for any
expression f (xr1 , . . . , xrk) in xr1 , . . . , xrk , we use symr1,...,rk f (xr1, . . . , xrk) to
denote
∑
σ f (xσ(r1), . . . , xσ(rk)), where the sum is over the permutation group
of the set {r1, r2, . . . , rk}.
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Proposition 2.2 (Drinfeld realisation [19]). For g = osp(1|2n)(1), sl(1|2n)(2)
or osp(2|2n)(2), the quantum affine superalgebra Uq(g) is generated by
ξ±i,r, κi,s, γ
±1/2
i
, γ±1/2, for (i, r) ∈ Ig, (i, s) ∈ I∗g, 1 ≤ i ≤ n, (2.4)
where ξ+n,r, ξ
−
n,r are odd and the other generators are even, with the following
defining relations
(1) γ±1/2 are central, and γ1/2γ−1/2 = 1,
γ±1/2
i
γ∓1/2
i
= γ∓1/2
i
γ±1/2
i
= 1, γ1/2
i
γ1/2
j
= γ1/2
j
γ1/2
i
,
[κi,r, κ j,s] = δr+s,0
ui, j,r(γr − γ−r)
r(qi − q−1i )(q j − q−1j )
, (2.5)
γ±1/2
i
ξ±j,rγ
∓1/2
i
= q
±ai j/2
i
ξ±j,r, [κi,r, ξ
±
j,s] =
ui, j,rγ
∓|r|/2
r(qi − q−1i )
ξ±j,s+r, (2.6)
[ξ+i,r, ξ
−
j,s] = δi, j
γ
r−s
2 κˆ+i,r+s − γ
s−r
2 κˆ−i,r+s
qi − q−1i
, (2.7)
where the ui, j,r are given in (2.10); and κˆ±i,±r are defined by∑
r∈Z
κˆ+i,ru
−r
= γiexp
(qi − q−1i )∑
r>0
κi,ru
−r
 ,
∑
r∈Z
κˆ−i,−ru
r
= γ−1i exp
(q−1i − qi)∑
r>0
κi,−ru
r
 ,
(2.8)
in which γ±1
i
=
(
γ±1/2
i
)2
;
(2) Serre relations
(A) (i, j) , (n, n), and if g , osp(1|2n)(1),
[ξ±i,r±θ, ξ
±
j,s]qai j
i
+ [ξ±j,s±θ, ξ
±
i,r]qa ji
j
= 0, (2.9)
where θ = 2 if g = osp(2|2n)(2) and 1 if g = sl(1|2n)(2);
(B) n , i , j, ℓ = 1 − ai j,
symr1,...,rℓ
ℓ∑
k=0
(−1)k
[
ℓ
k
]
qi
ξ±i,r1 . . . ξ
±
i,rk
ξ±j,sξ
±
i,rk+1 . . . ξ
±
i,rℓ
= 0;
(C) n = i , j, ℓ = 1 − ai j, and if g , sl(1|2n)(2), j < n − 1,
symr1,...,rℓ
ℓ∑
k=0
[
ℓ
k
]
q˜i
ξ±i,r1 . . . ξ
±
i,rk
ξ±j,sξ
±
i,rk+1 . . . ξ
±
i,rℓ
= 0,
where q˜i = (−1)1/2qi;
(D) for g = osp(1|2n)(1),
symr1,r2,r3[[ξ
±
n,r1±1, ξ
±
n,r2
]q2n , ξ
±
n,r3
]q4n = 0;
symr,s
(
[ξ±n,r±2, ξ
±
n,s]q2n − q4n[ξ±n,r±1, ξ±n,s±1]q−6n
)
= 0;
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symr,s
(
q2n[[ξ
±
n,r±1, ξ
±
n,s]q2n , ξ
±
n−1,k]q4n
+ (q2n + q
−2
n )[[ξ
±
n−1,k, ξ
±
n,r±1]q2n , ξ
±
n,s]
)
= 0;
(E) for g = osp(2|2n)(2),
symr,s[[ξ±n−1,k, ξ
±
n,r±1]q2n , ξ
±
n,s] = 0.
In the above, the scalars ui, j,r (r ∈ Z, i, j = 1, 2, . . . , n) are defined by
osp(1|2n)(1) : ui, j,r =
q
4r
n − q−4rn − q2rn + q−2rn , if i = j = n,
q
rai j
i
− q−rai j
i
, otherwise ;
osp(2|2n)(2) : ui, j,r =
(−1)
r(q2rn − q−2rn ), if i = j = n,
(1 + (−1)r)(qrai j/2
i
− q−rai j/2
i
), otherwise ;
sl(1|2n)(2) : ui, j,r =
(−1)
r(q2rn − q−2rn ), if i = j = n,
q
rai j
i
− q−rai j
i
, otherwise .
(2.10)
Remark 2.3. The defining relations given above are super analogues of
those in the Drinfeld realisations of quantum affine algebras given in [6].
The relations in [6] have slightly different form, but are equivalent to the
original relations given by Drinfeld [7]. They are more convenient to use
for proving the equivalence of the Drinfeld-Jimbo presentation and Drinfeld
realisation.
For the purpose of studying vertex operator representations, it is more
convenient to present the Drinfeld realisation in terms of currents. For
this, we will need the calculus of formal distributions familiar in the theory
of vertex operators algebras. Particularly useful is the formal distribution
δ(z) =
∑
r∈Z z
r, which has the following property: for any formal distribu-
tion f (z,w) in the two variables z and w, we have f (z,w)δ(w
z
) = f (z, z)δ(w
z
).
A detailed treatment of formal distributions can be found in, e.g., [12].
Given any pair of simple roots αi and α j of g, we let
gi j(z) =
∑
n≥0
gi j,nz
n, (2.11)
be the Taylor series expansion at z = 0 of fi j(z)/hi j(z), where
osp(1|2n)(1) : fi j(z) =
(q
2(αi ,α j)z − 1)(q−(αi ,α j)z − 1), i = j = n,
q(αi,α j)z − 1, otherwise;
hi j(z) =
(z − q
2(αi,α j))(z − q−(αi,α j)), i = j = n,
z − q(αi,α j), otherwise;
osp(2|2n)(2) : fi j(z) =
(−q)
(αi ,α j)z − 1, i = j = n,(
q(αi,α j)/2z − 1
) (
(−q)(αi ,α j)/2z − 1
)
, otherwise;
hi j(z) =
z − (−q)
(αi ,α j), i = j = n,(
z − q(αi,α j)/2
) (
z − (−q)(αi ,α j)/2
)
, otherwise;
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sl(1|2n)(2) : fi j(z) =
(−q)
(αi ,α j)z − 1, i = j = n,
q(αi,α j)z − 1, otherwise;
hi j(z) =
z − (−q)
(αi ,α j), i = j = n,
z − q(αi,α j), otherwise.
Nowwe introduce the following formal distributions in Uq(g)[[z1/2, z−1/2]]
for g = osp(1|2n)(1) and Uq(g)[[z, z−1]] for g = sl(1|2n)(2), osp(2|2n)(2),
ξ+i (z) =

∑
r∈Z ξ
+
i,rz
−r+1/2, g = osp(1|2n)(1), i = n;∑
r∈Z ξ
+
i,rz
−r, otherwise,
ξ−i (z) =

∑
r∈Z ξ
−
i,rz
−r−1/2, g = osp(1|2n)(1), i = n;∑
r∈Z ξ
−
i,rz
−r, otherwise,
ψi(z) =
∑
r∈Z≥0
κˆ+i,rz
−r, ϕi(z) =
∑
r∈Z≤0
κˆ−i,rz
−r.
Lemma 2.4. Let g = osp(1|2n)(1), sl(1|2n)(2) or osp(2|2n)(2). Then Uq(g) has
the following presentation. The generators are
ξ±i,r, κˆ
±
i,r, γ
±1/2, for (i, r) ∈ Ig;
the relations in terms of formal distributions are given by:
(1) γ±1/2 are central with γ1/2γ−1/2 = 1,
κˆ+i,0κˆ
−
i,0 = κˆ
−
i,0κˆ
+
i,0 = 1, [ϕi(z), ψ j(w)] = [ψ j(w), ϕi(z)] = 0, (2.12)
ϕi(z)ψ j(w)ϕi(z)−1ψ j(w)−1 = gi j(zw−1γ−1)/gi j(zw−1γ), (2.13)
ϕi(z)ξ±j (w)ϕi(z)
−1
= gi j(zw−1γ∓1/2)±1ξ±j (w), (2.14)
ψi(z)ξ
±
j (w)ψi(z)
−1
= gi j(z
−1wγ∓1/2)∓1ξ±j (w), (2.15)
[ξ+i (z), ξ
−
j (w)] =
ρz,wδi, j
qi − q−1i
(
ψi(zγ−1/2)δ
(
zγ−1
w
)
− ϕi(zγ1/2)δ
(
zγ
w
))
, (2.16)
where gi j are defined by (2.11), and ρz,w = (z/w)1/2 if g = osp(1|2n)(1) and
i = n, and ρz,w = 1 otherwise.
(2) Serre relations
(A) (i, j) , (n, n), and if g , osp(1|2n)(1),
[z±θξ±i (z), ξ
±
j (w)]qai j
i
+ [w±θξ±j (w), ξ
±
i (z)]qa ji
j
= 0, (2.17)
where θ = 2 if g = osp(2|2n)(2), and 1 if g = sl(1|2n)(2);
(B) n , i , j, ℓ = 1 − ai j,
symz1,...,zℓ
ℓ∑
k=0
(−1)k
[
ℓ
k
]
qi
ξ±i (z1) . . . ξ
±
i (zk)ξ
±
j (w)ξ
±
i (zk+1) . . . ξ
±
i (zℓ) = 0;
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(C) n = i , j, ℓ = 1 − ai j, and if g , sl(1|2n)(2), j < n − 1,
symz1,...,zℓ
ℓ∑
k=0
[
ℓ
k
]
q˜i
ξ±i (z1) . . . ξ
±
i (zk)ξ
±
j (w)ξ
±
i (zk+1) . . . ξ
±
i (zℓ) = 0,
where q˜i = (−1)1/2qi;
(D) for g = osp(1|2n)(1),
symz1,z2,z3
[
[z±1 ξ
±
n (z1), ξ
±
n (z2)]q2n , ξ
±
n (z3)
]
q4n
= 0;
symz,w
(
[z±2ξ±n (z), ξ
±
n (w)]q2n − q4n[z±ξ±n (z),w±1ξ±n (w)]q−6n
)
= 0;
symz1,z2
(
q2n
[
[z±1 ξ
±
n (z1), ξ
±
n (z2)]q2n , ξ
±
n−1(w)
]
q4n
+ (q2n + q
−2
n )
[
[ξ±n−1(w), z
±
1ξ
±
n (z1)]q2n , ξ
±
n (z2)
] )
= 0;
(E) for g = osp(2|2n)(2),
symz1,z2
[
[ξ±n−1(w), z
±
1 ξ
±
n (z1)]q2n , ξ
±
n (z2)
]
= 0.
Proof. This can be proven by straightforward computation, thus we will
not give the details. Instead, we consider only (2.16) as an example. The
relations (2.7) and (2.8) lead to
[ξ+i (z), ξ
−
j (w)] = ρz,wδi, j
∑
r,s
γ
r−s
2 κˆ+i,r+s − γ
s−r
2 κˆ−i,r+s
qi − q−1i
z−rw−s
=
ρz,wδi, j
qi − q−1i

∑
r
κˆ+i,r(zγ
−1/2)−rδ
(
zγ−1
w
)
−
∑
r
κˆ−i,r(zγ
1/2)−rδ
(
zγ
w
)
=
ρz,wδi, j
qi − q−1i
kiexp
(qi − q−1i ) ∞∑
r=1
κi,r(zγ−1/2)−r
 δ
(
zγ−1
w
)
−k−1i exp
(q−1i − qi) ∞∑
r=1
κi,−r(zγ1/2)r
 δ (zγw
) .
Using the definitions of ψi(z) and ϕi(z) on the right hand side, we imme-
diately obtain (2.16). In the opposite direction, we easily obtain (2.7) and
(2.8) by comparing the coefficients of z−rw−s in (2.16). 
2.2. Some general facts. We discuss some simple facts, which will be
used in later sections.
2.2.1. Triangular decompositions. We describe two triangular decomposi-
tions for the quantum affine superalgebra Uq(g), which will be used later.
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The standard triangular decomposition is
Uq(g) = U(−)q U
(0)
q U
(+)
q , with
U(+)q generated by ξ
+
i,0, ξ
+
i,r, ξ
−
i,r, κˆ
±
i,r, for r > 0, 1 ≤ i ≤ n,
U(0)q generated by γ
±1
i , γ
±1/2, for 1 ≤ i ≤ n,
U(−)q generated by ξ
−
i,0, ξ
−
i,r, ξ
+
i,r, κˆ
±
i,r, for r < 0, 1 ≤ i ≤ n,
(2.18)
where U(−)q , U
(0)
q and U
(+)
q are all super subalgebras of Uq(g). In terms of the
Chevalley generators in Definition 2.1, U(+)q , U
(−)
q and U
(0)
q are respectively
generated by the elements e j, f j and k±1j with 0 ≤ j ≤ n.
The other triangular decomposition is
Uq(g) = U−qU
0
qU
+
q , with
U+q generated by ξ
+
i,r, for 1 ≤ i ≤ n, r ∈ Z,
U0q generated by κˆ
±
i,r, γ
±1/2, for 1 ≤ i ≤ n, r ∈ Z,
U−q generated by ξ
−
i,r, for 1 ≤ i ≤ n, r ∈ Z,
(2.19)
where U−q , U
0
q and U
+
q are also super subalgebras. The existence of this
triangular decomposition is easy to see from the Drinfeld realisation, but
very obscure from the point of view of Definition 2.1.
Let Bq := U
(0)
q U
(+)
q or Bq := U0qU
+
q depending on the triangular decompo-
sition. A vector v0 in a Uq(g)-module is a highest weight vector if C(q)v0 is
a 1-dimensional Bq-module. A Uq(g)-module generated by a highest weight
vector is a highest weight module with respect to the given triangular de-
composition. We will study highest weight representations with respect to
both triangular decompositions in later sections.
2.2.2. Comments on spinoral type modules. One can easily see that there
exist the following superalgebra automorphisms of Uq(g).
ιε : ki 7→ εiki, ei 7→ εiei, fi 7→ fi, 0 ≤ i ≤ n, (2.20)
for any given εi ∈ {±1}. If V is Uq(g)-module, we can twist it by ιε to obtain
another module with the same underlying vector superspace but the twisted
Uq(g)-action Uq(g) ⊗ V −→ V defined by x ⊗ v 7→ ιε(x)v for all x ∈ Uq(g)
and v ∈ V . If ki (i = 0, 1, . . .n) act semi-simply on V , the eigenvalues of ki
are multiplied by εi in the twisted module.
Recall the notion of type-1 modules in the theory of ordinary quantum
groups and quantum affine algebras. For quantum supergroups and quantum
affine superalgebras, a type-1 module over Uq(g) is one such that the ki (i =
0, 1, . . .n) act semi-simply with eigenvalues of the form qm
i
for m ∈ Z. Any
weight module over an ordinary quantum group or quantum affine algebra
can be twisted into a type-1 module by analogues of the automorphisms
(2.20). However, that is no longer true in the present context. As we will
see from Theorem 4.2, some finite dimensional simple Uq(g)-modules have
kn-eigenvalues of the form ±
√
−1qm+1/2 with m ∈ Z. It is not possible to
twist such modules into type-1 by the automorphisms (2.20).
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For easy reference, we introduce the following definition.
Definition 2.5. Call a Uq(g)-module type-s, meaning spinoral type, if all k±1i
act semi-simply with eigenvalues of the following form. If g = osp(1|2n)(1)
or sl(1|2n)(2), the eigenvalues of ki for 0 ≤ i < n belong to {q j | j ∈ Z}, and
eigenvalues of kn to {
√
−1q j+1/2 | j ∈ Z}. If g = osp(2|2n)(2), the eigenvalues
of either k0, kn, or both belong to {
√
−1q j+1/2 | j ∈ Z}, and the eigenvalues
of the other ki to {q j | j ∈ Z}.
Type-s modules exist even for the quantum supergroup Uq(osp(1|2)) as-
sociated with osp(1|2).
Example 2.6 (Type-s representations of Uq(osp(1|2))). The quantum super-
group Uq(osp(1|2)) is generated by E, F and K±1 with relations KK−1 =
K−1K = 1 and
KEK−1 = qE, KFK−1 = q−1F, EF + FE =
K − K−1
q − q−1 .
It has long been known that there exists an ℓ-dimensional irreducible rep-
resentation of Uq(osp(1|2)) for each positive integer ℓ. If ℓ is odd, the irre-
ducible representation can be twisted into a type-1 representation; and if ℓ
is even, to a type-s representation.
The smallest type-s example is the 2-dimensional irreducible representa-
tion, which is given by
E 7→
0
√
−1
q1/2−q−1/2
0 0
 , F 7→ (0 01 0
)
, K 7→
(√−1q1/2 0
0
√
−1q−1/2
)
.
Remark 2.7. The 2-dimensional irreducible representation of Uq(osp(1|2))
does not have a classical limit, i.e., q → 1 limit, nor do all the even dimen-
sional irreducible representations. This agrees with the fact that the finite
dimensional irreducible representations of osp(1|2) are all odd dimensional.
The quantum affine superalgebra Uq(g) for all g in (2.1) contains the
quantum supergroup Uq(osp(1|2)) as a super subalgebra. The type-s rep-
resentations of Uq(g) restrict to type-s representations of Uq(osp(1|2)).
3. Vertex operator representations
We construct vertex operator representations of the quantum affine super-
algebras Uq(g) for all g in (2.1). These representations are level 1 irreducible
integrable highest weight representations relative to the standard triangular
decomposition (2.18) of Uq(g). By level 1 representations, we mean those
with γ acting by multiplication by ±q or
√
−1q.
Our construction involves generalising to the quantum affine superalge-
bra context some aspects of [14]. The vertex operators obtained here have
considerable similarities with those [8, 9] for ordinary twisted quantum
affine algebras.
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3.1. The Fock space. Let ℓ(αi) := (αi, αi) for any simple root αi. For
convenience, we choose the normalisation for the bilinear form so that
ℓ(αn) = 2 if g = osp(2|2n)(2), and ℓ(αn) = 1 otherwise. Let ℘ = (−1)1/ℓ(αn)q,
and take ℘1/2 = (−1) 12ℓ(αn)q1/2.
Hereafter we will always consider Uq(g) in the Drinfeld realisation given
in Proposition 2.2 and Lemma 2.4. Denote by Uq(˜η) the subalgebra of Uq(g)
generated by the elements γ1/2, γi and κi,r (r ∈ Z\{0}, 1 ≤ i ≤ n), and by
Uq(η) that generated γ1/2 and κi,r (r ∈ Z\{0}, 1 ≤ i ≤ n). Let S (η−) be the
symmetric algebra generated by κi,r for r ∈ Z<0 and 1 ≤ i ≤ n. Let Hi(s)
(s ∈ Z\{0}, 1 ≤ i ≤ n) be the linear operators acting on S (η−) such that
Hi(−s) = derivation defined by
Hi(−s)(κ j,r) = δr,s
ui, j,−s(℘s − ℘−s)
s(qi − q−1i )(q j − q−1j )
,
Hi(s) = multiplication by κi,s, ∀r, s ∈ Z<0,
(3.1)
where ui, j,−s is defined by (2.10). Then
[Hi(r),H j(s)] = δr+s,0
ui, j,r(℘r − ℘−r)
r(qi − q−1i )(q j − q−1j )
, ∀r, s ∈ Z\{0}. (3.2)
The algebra Uq(η) has the canonical irreducible representation on S (η−)
given by
γ 7→ ℘, κi,s 7→ Hi(s), ∀s ∈ Z\{0}.
Let g˙ ⊂ g be the regular simple Lie sub-superalgebra with the Dynkin
diagram obtained from the Dynkin diagram of g by removing the node cor-
responding to α0. Then g˙ = osp(1|2n) in all three cases of g. Let Q be the
root lattice of g˙ with the bilinear form inherited from that of g. We regard Q
as a multiplicative group consisting of elements of the form eα with α ∈ Q.
Let C[Q] be the group algebra of Q. Given any variable z and any root α,
we define a linear operator on C[Q] by
zα.eβ = z(α,β)eβ. (3.3)
We also define the linear operator σi on C[Q] for all i = 1, 2, . . . , n by
σi.e
β
= (−1)(αi ,β)eβ.
Write Φi =
∏n
k=i σk for 1 ≤ i ≤ n and Φi = 1 for i > n. It is easy to check
that Φi.e±α j = (−1)δi, j+δi+1, je±α j for 1 ≤ i, j ≤ n and Φ2i = 1.
We also need some basic knowledge of the q-deformed Clifford algebra
Cq, which is generated by k(r), k(s) (r, s ∈ Z + 12 ) with relations
k(r)k(s) + k(s)k(r) = δr,−s(qr + qs), ∀r, s. (3.4)
We use Λ(Cq−) to denote the exterior algebra generated by k(r) for r < 0,
and denote by Λ(Cq−)0 (resp. Λ(Cq−)1) the subspace of even (resp. odd)
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degree, where k(r) (r < 0) are regarded as having degree 1. Define the
linear operators K(s) on Λ(Cq−) such that for any ψ, φ ∈ Λ(Cq−),
K(s) · ψ = k(s)ψ, K(−s) · k(r) = δr,s(qr + q−r), K(−s) · 1 = 0,
K(−s) · (ψφ) = K(−s) · (ψ)φ + (−1)deg(ψ)ψK(−s) · (φ), ∀r, s < 0.
Then Cq acts on Λ(Cq−) by k(r) 7→ K(r) for all r ∈ Z + 12 . Let
W =
C[Q], g = osp(1|2n)
(1), osp(2|2n)(2);
C[Q0] ⊗ Λ(C−℘)0 ⊕ C[Q0]eλ1 ⊗ Λ(C−℘)1, g = sl(1|2n)(2),
(3.5)
where Q0 is the lattice spanned by the set of roots with squared length 2 and
λ1 = α1 + α2 + · · ·+ αn. Now we construct the vector space V = S (η−) ⊗W.
3.2. Construction of the vacuum representations. We start by defining
K(z) =
∑
s∈Z+1/2
K(s)z−s,
T+i (z) =
e
αiΦiz
αi+ℓ(αi)/2, if g = osp(1|2n)(1), osp(2|2n)(2);
eαiΦiz
αi+ℓ(αi)/2K(z), if g = sl(1|2n)(2),
T−i (z) =
e
−αiΦi+1z−αi+ℓ(αi)/2, if g = osp(1|2n)(1), osp(2|2n)(2);
e−αiΦi+1z−αi+ℓ(αi)/2(−K(z)), if g = sl(1|2n)(2),
and introducing the following formal distributions:
E±i (z) = exp
± ∞∑
k=1
℘∓k/2
{k}qi
Hi(−k)zk
 ,
F±i (z) = exp
∓ ∞∑
k=1
℘∓k/2
{k}qi
Hi(k)z−k
 ,
where {k}qi = [k]℘ · ℘−℘
−1
qi−q−1i
=
℘k−℘−k
qi−q−1i
. Using them, we define linear operators
X±j (k) (1 ≤ j ≤ n, k ∈ Z) on the vector space V by
X±i (z) = E
±
i (z)F
±
i (z)T
±
i (z), i = 1, 2, . . . , n, (3.6)
where
X±i (z) =
∑
k∈Z
X±i (k)z
−k, for all i , n,
X±n (z) =
∑
k∈Z
X±n (k)z
−k, if g , osp(1|2n)(1),
X±n (z) =
∑
k∈Z
X±n (k)z
−k+1/2, if g = osp(1|2n)(1).
We have the following result.
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Theorem 3.1. The quantum affine superalgebra Uq(g) acts irreducibly on
the vector space V, with the action defined by
γ1/2 7→ ℘1/2, γ1/2
i
7→ (̟iσi℘αi)1/2, κi,s 7→ Hi(s),
ξ+i,k 7→ X+i (k), ξ−i,k 7→ ̺iX−i (k),
∀i = 1, 2, . . . , n, s ∈ Z\{0}, k ∈ Z,
(3.7)
where
̟i =
℘
−1/2, if g = osp(1|2n)(1), i = n;
1, otherwise;
̺i =
−2
−1{ℓ(αi)/2}qi , if g = osp(2|2n)(2), i , n;
−{ℓ(αi)/2}qi , otherwise.
Proof. The irreducibility of V as a Uq(g)-module follows from the fact that
the Uq(η)-module S (η−) and Uq(˜η)-moduleW are both irreducible. This was
proved in [10]. Thus the proof of the theorem essentially boils down to ver-
ifying that the operators Hi(k) and X±i (k) satisfy the commutation relations
of κi,k and ξ±i,k. We show this by using calculus of formal distributions.
Consider the vertex operators (3.6) in the case of g = osp(1|2n)(1). We
claim that they satisfy the following relation (cf. (2.16)):
[X+i (z), X
−
j (w)] =
δi j ρz,w ̺
−1
i
qi − q−1i
{
σi̟i℘
αi V˜+i (z)δ
(
℘−1
z
w
)
−σi̟i℘−αi V˜−i (z)δ
(
℘
z
w
)}
,
(3.8)
where
V˜+i (z) = exp
 ∞∑
k=1
(qi − q−1i )Hi(k)(z℘−1/2)−k
 ,
V˜−i (z) = exp
 ∞∑
k=1
(q−1i − qi)Hi(−k)(z℘1/2)k
 .
(3.9)
If (αi, α j) = 0 (necessarily i , j), the claim is clear.
If (αi, α j) , 0, there are three possibilities: (αi, α j) = −1 with i , j, and
(αi, α j) = 1 or 2 with i = j.
Define normal ordering as usual by placing Hi(−k) with k > 0 on the left
of H j(k), expα on the left of zβ, and K(−s) with s > 0 on the left of K(s),
where for the K(r)’s an order change procures a sign. Let
: T+i (z)T
−
j (w) : = e
αi−α jΦiΦ j+1z
αiw−α j ,
then we have the following relations: if (αi, α j) , 1,
: T+i (z)T
−
j (w) : = (−1)δi−1, j+δi, jT+i (z)T−j (w)z(αi ,α j)z−ℓ(αi)/2w−ℓ(α j)/2
= (−1)δi−1, j+δi, jT−j (w)T+i (z)w(αi ,α j)z−ℓ(αi)/2w−ℓ(α j)/2;
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if (αi, α j) = 1,
: T+i (z)T
−
j (w) : = −T+i (z)T−j (w)z(αi ,α j)z−ℓ(αi)/2w−ℓ(α j)/2
= T−j (w)T
+
i (z)w
(αi ,α j)z−ℓ(αi)/2w−ℓ(α j)/2.
Also
: X+i (z)X
−
j (w) := E
+
i (z)E
±
j (w)F
+
i (z)F
−
j (w) : T
+
i (z)T
−
j (w) : . (3.10)
Thus X−
j
(w)X+
i
(z) can be expressed as
: X+i (z)X
−
j (w) : exp
 ∞∑
k=1
ui, j,k
k(℘k − ℘−k)z
−kwk
 z(αi,−α j)zℓ(αi)/2wℓ(α j)/2,
where we have used the Baker-Campbell-Hausdorff formula.
Let δ1(x) =
∑
n≤0(℘−n − ℘n)xn. Then direct computation shows that
X+
i
(z)X−
j
(w) can be expressed as
: X+i (z)X
−
j (w) : (−1)δi−1, j(z + w) zℓ(αi)/2wℓ(α j)/2, if (αi, α j) = −1,
: X+i (z)X
−
j (w) :
1
℘ − ℘−1 δ1(z/w), if (αi, α j) = 2,
: X+i (z)X
−
j (w) :
1
℘ − ℘−1 δ1(z/w) (z + w)(zw)
−1/2, if (αi, α j) = 1,
where we have used the formula ln(1 − x) = −∑∞n=1 xnn . Note that z±1/2 and
w±1/2 may appear in X+
i
(z)X−
j
(w). A similar computation shows that
• if (αi, α j) = −1,
X−j (w)X
+
i (z) =: X
+
i (z)X
−
j (w) : (−1)δi−1, j(z + w) zℓ(αi)/2wℓ(α j)/2,
• if (αi, α j) = 2,
X−j (w)X
+
i (z) =: X
+
i (z)X
−
j (w) :
1
℘ − ℘−1 δ1(w/z),
• if (αi, α j) = 1,
X−j (w)X
+
i (z) =: X
+
i (z)X
−
j (w) :
1
℘−1 − ℘ δ1(w/z) (z + w)(zw)
−1/2.
Using these we obtain
[X+i (z), X
−
j (w)] = X
+
i (z)X
−
j (w) − (−1)[αi][α j]X−j (w)X+i (z)
=

: X+
i
(z)X−
j
(w) : (z+w)(zw)
−1/2
℘−℘−1
(
δ(℘−1z/w) − δ(℘z/w)
)
, (αi, α j) = 1,
: X+
i
(z)X−
j
(w) : 1
℘−℘−1
(
δ(℘−1z/w) − δ(℘z/w)
)
, (αi, α j) = 2,
0, (αi, α j) = −1,
where [αi] = 0 if αi is an even root, and 1 otherwise. This in particular
shows that (3.8) holds for all i , j.
In the cases with i = j, by using f (z,w)δ(w
z
) = f (z, z)δ(w
z
), we obtain
: X+i (z)X
−
j (w) : δ
(
℘−1
z
w
)
= −σi℘αi V˜+i (z)δ
(
℘−1
z
w
)
,
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: X+i (z)X
−
j (w) : δ
(
℘
z
w
)
= −σi℘−αi V˜−i (z)δ
(
℘
z
w
)
,
where V˜+i (z) and V˜
−
i (z) are defined by (3.9). Note that
(z + w)(zw)−1/2δ
(
℘±1
z
w
)
= (z/w)1/2(1 + ℘±1)δ
(
℘±1
z
w
)
.
These formulae immediately lead to (3.8).
To consider the Serre relations, we take as an example the relation (2.17)
when (αi, α j) = −1. In this case, (2.17) is equivalent to
(z − q−1w)ξ+i (z)ξ+j (w) = (q−1z − w)ξ+j (w)ξ+i (z).
Thus, we need to show
(z − q−1w)X+i (z)X+j (w) = (q−1z − w)X+j (w)X+i (z). (3.11)
Let : T+
i
(z)T+
j
(w) := eαi+α jΦiΦ jzαiw±α j , and
: X+i (z)X
+
j (w) := E
+
i (z)E
+
j (w)F
+
i (z)F
+
j (w) : T
+
i (z)T
+
j (w) : .
By (3.10), X+
i
(z)X+
j
(w) is equal to
: X+i (z)X
+
j (w) : exp
− ∞∑
k=1
℘−k
{k}qi{k}q j
[Hi(k),H j(−k)]
(
w
z
)k z−1zℓ(αi)wℓ(α j),
which can be simplified to : X+i (z)X
+
j (w) :
(
1 − q−1 w
z
)−1
z−1zℓ(αi)wℓ(α j). Thus
X+i (z)X
+
j (w) =: X
+
i (z)X
+
j (w) : (−1)δi−1, j
(
z − q−1w
)−1
zℓ(αi)wℓ(α j).
Similarly we can show that
X+j (w)X
+
i (z) =: X
+
i (z)X
+
j (w) : (−1)δi, j−1
(
w − q−1z
)−1
zℓ(αi)wℓ(α j).
Note that i = j−1 or j+1 in this case. Then two relations above immediately
imply (3.11).
Similar computation proves the theorem for the other g. 
Remark 3.2. The representations in Theorem 3.1 are not of type-1. Note
in particular that γ acts by ℘. However, we can twist them into type-1 or
type-s representations (see Definition 2.5) by the automorphisms (2.20).
3.3. Construction of the other level 1 irreducible representations. We
now consider the vertex operator construction for the other level 1 irre-
ducible integrable highest weight representations with respect to the stan-
dard triangular decomposition (2.18). Observe that for Uq(osp(1|2n)(1)), the
vacuum representation is the only such representation. Thus we will con-
sider Uq(g) for g = sl(1|2n)(2) and osp(2|2n)(2) only. We will only state the
main results; their proofs are quite similar to those in Section 3.2.
We maintain the notation of Section 3.2.
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3.3.1. The case of Uq(sl(1|2n)(2)). There is only one irreducible integrable
highest weight representation at level 1 beside the vacuum representation.
It can be constructed as follows.
Recall the definition of W in (3.5). Let λn be the fundamental weight of
g˙ corresponding to αn, and consider the subset λn + Q of the weight lattice
of g˙. The linear operators zα defined by (3.3) act on the group algebra
of the weight lattice of g˙ in the obvious way. Denote Wn = eλnC[Q] and
Vn = S (η−) ⊗Wn. Then Vn is the level 1 simple Uq(sl(1|2n)(2))-module with
the action give by (3.7) in terms of vertex operators. The highest weight
vector is 1 ⊗ eλn .
3.3.2. The case ofUq(osp(2|2n)(2)). There are another two simple integrable
highest weight modules at level 1, respectively associated with the funda-
mental weights λ1 and λn of g˙. Here λ1 and λn correspond to α1 and αn
respectively. To construct the representations, we need the following q-
deformed Clifford algebra Cq, which is generated by t(r), t(s) (r, s ∈ Z) with
relations
t(r)t(s) + t(s)t(r) = δr,−s(qr + qs), ∀r, s. (3.12)
These are q-deformed Ramond fermionic operators. Similar to Section 3.1,
we define linear operators T (s) acting on Λ(Cq
−) such that for any ψ, φ ∈
Λ(Cq
−),
T (s) · ψ = t(s)ψ, T (−s) · k(r) = δr,s(qr + q−r), T (−s) · 1 = 0,
T (−s) · (ψφ) = T (−s) · (ψ)φ + (−1)deg(ψ)ψT (−s) · (φ), ∀r, s < 0,
and T (0) acts as the identity.
We replace K(z) in Section 3.2 by K(z) =
∑
s∈Z T (s)z−s and use it in (3.6)
to obtain the corresponding vertex operators. Now define
V (1) = S (η−) ⊗W (1) and V (n) = S (η−) ⊗W (n) with
W (1) = eλ1C[Q0] ⊗ Λ(C−℘)0 ⊕ C[Q0] ⊗ Λ(C−℘)1,
W (n) = eλnC[Q] ⊗ Λ(C−℘).
Then V (1) and V (n) are the simple Uq(osp(2|2n)(2))-modules at level 1 with
the actions formally given by (3.7) but in terms of the new vertex operators.
The highest weight vectors are 1 ⊗ eλ1 ⊗ 1 and 1 ⊗ eλn ⊗ 1 respectively.
3.4. Another construction of vacuum representations. For the quantum
affine superalgebras Uq(osp(1|2n)(1)) and Uq(sl(1|2n)(2)), it is possible to
modify the vertex operators of the vacuum representations to make γ act
by q, and this is what we will do in this section. The modified vertex oper-
ator representation of Uq(sl(1|2n)(2)) given here is of type-1.
For both affine superalgebras, we choose in this section the normalisation
for the bilinear form on the weight space so that (αn, αn) = 1.
Recall the definitions of Uq(η) and S (η−) in section 3.1. Let us now define
new linear operators acting on S (η−), denoted by Hq
i
(s) with s ∈ Z\{0},
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1 ≤ i ≤ n, as follows.
H
q
i
(−s) = derivation defined by
H
q
i
(−s)(κ j,r) = δr,s
ui, j,−s(qs − q−s)
s(qi − q−1i )(q j − q−1j )
,
H
q
i
(s) = multiplication by κi,s, ∀r, s ∈ Z<0,
(3.13)
where ui, j,−s is defined by (2.10). This differs from (3.1) in that ℘ is replaced
by q. Now we have
[Hq
i
(r),Hq
j
(s)] = δr+s,0
ui, j,r(qr − q−r)
r(qi − q−1i )(q j − q−1j )
, ∀r, s ∈ Z\{0}, (3.14)
and we obtain the following irreducible Uq(η)-representation on S (η−)
γ 7→ q, κi,s 7→ Hi(s), ∀s ∈ Z\{0}.
Define the 2-cocycle C : Q × Q → {±1}, satisfying
C(α + β, γ) = C(α, γ)C(β, γ), C(α, β + γ) = C(α, β)C(α, γ), ∀α, β, γ,
such that C(0, β) = C(α, 0) = 1, and for any simple roots αi and α j,
C(αi, α j) =
(−1)
(αi ,α j)+(αi ,αi)(α j ,α j), i ≤ j,
1, i > j.
Obviously, Q has a unique central extension Q̂,
1 → Z2 → Q̂ → Q → 1
defined in the following way. We regard Q̂ as a multiplicative group consist-
ing of elements±eα with α ∈ Q. Then (−1)aeα(−1)beβ = (−1)a+bC(α, β)eα+β,
where a, b ∈ {0, 1} and α, β ∈ Q. Let C[Q̂] be the group algebra of Q̂, and
let J be the two-sided ideal generated by eα + (−eα) for all α. Denote the
quotient C[Q̂]/J by C[Q]. Now ±eα ∈ C[Q̂] are natural linear operators
acting on C[Q]. The linear operators zα are the same as in section 3.1.
Let V = S (η−) ⊗W, whereW is defined in (3.5).
For all i = 1, . . . , n, let
T˜±i (z) =
e
±αiz±αi+ℓ(αi)/2, g = osp(1|2n)(1);
e±αiz±αi+ℓ(αi)/2(±K(z)), g = sl(1|2n)(2).
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Define
E˜±i (z) = exp
± ∞∑
k=1
q∓k/2
[k]qi
H
q
i
(−k)zk
 ,
F˜±i (z) = exp
∓ ∞∑
k=1
q∓k/2
[k]qi
H
q
i
(k)z−k
 , for i , n;
E˜±n (z) = exp
± ∞∑
k=1
q∓k/2
[2k]qn
Hqn(−k)zk
 ,
F˜±n (z) = exp
∓ ∞∑
k=1
q∓k/2
[2k]qn
Hqn(k)z
−k
 ,
and finally set
X˜±i (z) = E˜
±
i (z)F˜
±
i (z)T˜
±
i (z), ∀i. (3.15)
Similar arguments as those in the proof of Theorem 3.1 can prove the fol-
lowing result.
Theorem 3.3. Let g be osp(1|2n)(1) or sl(1|2n)(2). Then the quantum affine
superalgebra Uq(g) acts irreducibly on the vector space V with the action
defined by
γ1/2 7→ q1/2, γ1/2
i
7→ (̟iqαi)1/2, κi,s 7→ Hqi (s),
ξ+i,k 7→ X˜+i (k), ξ−i,k 7→ ϑiX˜−i (k),
∀i = 1, . . . , n, s ∈ Z\{0}, k ∈ Z,
(3.16)
where ̟i =
√−q if g = osp(1|2n)(1) and i = n, and ̟i = 1 otherwise;
ϑi =
qi+q
−1
i
qi−q−1i
̟−1i if i = n, and ϑi = 1 otherwise.
Remark 3.4. The vertex operator representation in Theorem 3.3 can be
changed to that in Theorem 3.1 by the following automorphism of Uq(g):
γ 7→ −γ, ξ+i,k 7→ ξ+i,k, ξ−i,k 7→ (−1)kξ−i,k,
γ±1/2
i
7→ γ±1/2
i
, κi,k 7→ (−1)|k|/2κi,k, κˆ±i,k 7→ (−1)±k/2κˆ±i,k.
4. Finite dimensional irreducible representations
In this section, we classify the finite dimensional irreducible representa-
tions of the quantum affine superalgebra Uq(g) for the affine Lie superalge-
bras g in (2.1). We always assume that Uq(g)-modules are Z2-graded (cf.
Remark 4.4).
We choose the normalisation for the bilinear form on the weight space of
g so that (αn, αn) = 1.
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4.1. Classification of finite dimensional simple modules. We fix the tri-
angular decomposition (2.19) for Uq(g), and consider highest weight Uq(g)-
modules with respect to this triangular decomposition.
Let v0 be a highest weight vector in a highest weight Uq(g)-module, then
for all i and r,
ξ+i,r · v0 = 0, κˆ±i,r · v0 = Υ±i,rv0, γ1/2 · v0 = Υ1/2v0, (4.1)
for some scalars Υ±
i,r and Υ
1/2, where Υ1/2 is invertible and Υ+
i,0Υ
−
i,0 = 1. We
define the following formal power series in a variable x
Υ
+
i (x) :=
∞∑
r=0
Υ
+
i,rx
r, Υ−i (x) :=
∞∑
r=0
Υ
−
i,−rx
−r, ∀i.
A Uq(g)-module is said to be at level 0 if γ acts by ±id.
By considering the commutation relations of κˆ±i,r, it is easy to show [3,
4] that finite dimensional modules must be at level 0. The proof of [3,
Proposition 3.2] can be adapted verbatim to prove the following result.
Proposition 4.1. Every finite dimensional simple Uq(g)-module is a level 0
highest weight module with respect to the triangular decomposition (2.19).
The following theorem is the main result of this section. Its proof will be
given in Section 4.2.
Theorem 4.2. Let g = osp(1|2n)(1), sl(1|2n)(2) and osp(2|2n)(2). A simple
Uq(g)-module V is finite dimensional if and only if it can be twisted by some
automorphism ιε into a level 0 simple highest weight module satisfying the
following conditions: there exist polynomials Pi ∈ C[x] (i = 1, 2, . . . , n)
with constant term 1 such that
Υ
+
i (x) = t
ci·degPi
i
Pi
(
(−1)n−it−2ci
i
xdi
)
Pi
(
(−1)n−ixdi) = Υ−i (x), (4.2)
where the equalities should be interpreted as follows: the left side is equal
to the middle expression expanded at 0, and the right side to that expanded
at∞. In the above, ti =
(√
−1q1/2
)(αi,αi)
, and ci and di are defined by
g = osp(1|2n)(1) : di = 1, ci =
1, i , n,2, i = n;
g = sl(1|2n)(2) : di = ci = 1;
g = osp(2|2n)(2) : di = ci =
1, i = n,2, i , n.
As an immediate corollary of Theorem 4.2, we have the following result.
Corollary 4.3. Every finite dimensional simple Uq(g)-module can be ob-
tained from a level 0 type-1 or type-s module by twisting Uq(g) with some
automorphism given in (2.20).
Remark 4.4. Any non Z2-graded simple highest weight Uq(g)-module can
be regarded as graded by simply assign a parity to its highest weight vector.
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4.2. Proof of Theorem 4.2. The theorem can be proven directly by us-
ing the method of [4, 5]. However, there is an easier approach based on
quantum correspondences between affine Lie superalgebras developed in
[25, 31, 18]. The quantum correspondences allow one to translate results
on finite dimensional simple modules of ordinary quantum affine algebras
in [4, 5] to the quantum affine superalgebras under consideration. We will
follow the latter approach here.
4.2.1. Facts on ordinary quantum affine algebras. Corresponding to each
g in (2.1), we have an ordinary (i.e., non-super) affine Lie algebra g′ given
in Table 1, which has the same Cartan matrix as g.
Table 1. Quantum correspondence
g osp(1|2n)(1) sl(1|2n)(2) osp(2|2n)(2)
g′ A(2)2n B
(1)
n D
(2)
n+1
We denote by {α′1, . . . , α′n} the set of simple roots realising the Cartan matrix
of g′, and normalize the bilinear form on the weight space of g′ so that
(α′n, α
′
n) = 1
Let ξ′±j,r, κˆ
′±
i,r , and γ
′±1/2 (1 ≤ i, j ≥ n, r ∈ Z) be the generators of the
quantum affine algebra Ut(g′) over C(t1/2) (see [4, 5] for details). Highest
weight Ut(g′)-modules are defined in a similar way as for Uq(g) earlier. A
highest weight Ut(g′) is generated by a highest weight vector v′0, which
satisfies
ξ′+i,r · v′0 = 0, κˆ′±i,r · v′0 = Υ′±i,rv′0, γ′1/2 · v′0 = Υ′1/2v′0, (4.3)
where Υ′±i,r ∈ C, with Υ′1/2 ∈ C∗ and Υ′+i,0Υ′−i,0 = 1. The module is at level 0
if Υ′ = ±1.
Recall that weight modules over Ut(g′) can always be twisted to type-1
modules by automorphisms analogous to (2.20). The following result is
proved in [4, 5].
Proposition 4.5 ([4, 5]). Let g′ = A(2)2n , B
(1)
n ,D
(2)
n+1. Every finite dimensional
simple Ut(g′)-module is a highest weight module at level 0. A level 0 simple
highest weight Ut(g′)-module of type-1 is finite dimensional if and only if
there exist polynomials Qi ∈ C[x] (1 ≤ i ≤ n) with constant term 1 such that
∞∑
r=0
Υ
′+
i,r x
r
= t
ci·degQi
i
Qi
(
t
−2ci
i
xdi
)
Qi(xdi)
=
∞∑
r=0
Υ
−
i,−rx
−r, (4.4)
which holds in the same sense as (4.2). Here ti = t(α
′
i
,α′
i
)/2, and the constants
ci and di are those defined in Theorem 4.2 for the affine superalgebra g
corresponding to g′ in Table 1.
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4.2.2. Quantum correspondences. Let G be the direct product of the groups
Z2 generated by σi(1 ≤ i ≤ n) such that σi2 = 1. We define a G-action on
Uq(g) by
σi · ξ±j,r = (−1)(αi ,α j)ξ±j,r, σi · κˆ±j,r = κˆ±j,r, σi · γ1/2 = γ1/2,
for all i, j ≥ 1 and r ∈ Z, and form the smash product Uq(g) := Uq(g)♯KG,
which is a Hopf superalgebra. Similarly, let G′ be the direct product of
group Z2 generated by σ′i(1 ≤ i ≤ n) with σ′i2 = 1, which acts on Ut(g′) by
σ′i · ξ′±j,r = (−1)(α
′
i
,α′
j
)ξ′±j,r, σ
′
i · κˆ′±j,r = κˆ′±j,r, σ′i · γ′1/2 = γ′1/2.
We also form the smash product Ut(g′) := Ut(g′)♯KG′ Hopf algebra.
Now set t = −q (thus t1/2 =
√
−1q1/2). The following result is a special
case of [18, Theorem 1.1].
Proposition 4.6. [18, 19, 31] For each pair (g, g′) in Table 1, there is an
isomorphism ϕ : Uq(g) −→ U−q(g′) of associative algebras given by
γ1/2 7→ γ′1/2, σi 7→ σ′i , κˆ±i,r 7→ (−1)(n−i)rǫσ′i κˆ′±i,r ,
ξ+i,r 7→ (−1)(n−i)rǫ
 m+n∏
k=i+1
σ′k
 ξ′+i,r , ξ−i,r 7→ (−1)(n−i)rǫ
 m+n∏
k=i+1
σ′k
 ξ′−i,r , (4.5)
where ǫ = 1/2 if g = osp(2|2n)(2), and 1 otherwise.
The map ϕ becomes a Hopf superalgebra isomorphism up to picture
changes and Drinfeld twists; see [18, Theorem 1.2] for details. Note that
the proposition is [19, Theorem Theorem 3.5] stated for κˆ±
i,r instead of κi,s
and with the o(i) there worked out explicitly.
Remark 4.7. The same type of Hopf superalgebra isomorphisms, referred to
as quantum correspondences in [18], exist for a much wider range of affine
Lie superalgebras [18, Theorem 1.2]. Some of them appear as S-dualities
in string theory as discovered in [15].
4.2.3. Proof of Theorem 4.2. With the preparations above, we can now
prove Theorem 4.2. By using Proposition 4.6, we can identify the categories
of Uq(g)-modules and U−q(g′)-modules. Then Theorem 4.2 is equivalent to
Proposition 4.5 under this identification. Let us describe this in more detail.
If a U−q(g′)-module is generated by a U−q(g′) highest weight vector that
is an eigenvector of the σ′
i
, it restricts to a simple U−q(g′)-module. All high-
est weight U−q(g′)-modules can be obtained this way, but note that different
U−q(g′)-modules of this type may restrict to the same U−q(g′)-module. Also
any highest weight U−q(g′)-module V ′ with a highest weight vector v′0 can
be lifted to aU−q(g′)-module by endowingC(q1/2)v′0 with aG
′-module struc-
ture (there are many possibilities). The same discussion applies to Uq(g)-
and Uq(g)-modules.
Assume that V ′ is a simpleU−q(g′)-module generated by a U−q(g′) highest
weight vector v′0 such that C(q
1/2)v′0 is the 1-dimensional trivialG
′-module.
Then V ′ is finite dimensional if and only if it is at level 0 and the scalars
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Υ
′±
i,r (cf. (4.3)) satisfy the given condition of Proposition 4.5 for some monic
polynomials Qi with t1/2 =
√
−1q1/2. By Proposition 4.6, V ′ naturally ad-
mits the Uq(g)-action
Uq(g) ⊗ V ′ −→ V ′, x ⊗ V ′ 7→ ϕ(x)v′, ∀x ∈ Uq(g), v′ ∈ V ′.
It restricts to a simple highest weight Uq(g)-module at level 0 such that
κˆ±i,r · v′0 = Υ±i,rv′0, with Υ+i,r = (−1)(n−i)rǫΥ′+i,r .
Clearly, the Υ+
i,r satisfy the condition given in Theorem 4.2.
As a Uq(g)-module, V ′ is naturally Z2-graded. Recall from [18] that there
exists an element u ∈ G which is the grading operator in the sense that
uxu−1 = (−1)[x]x for all homogeneous x ∈ Uq(g). The even and odd sub-
spaces of V ′ are then the ±1-eigenspaces of u.
The above arguments go through in the opposite direction, i.e., from
Uq(g)-modules to U−q(g′)-modules. This proves Theorem 4.2.
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